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Abstract A mysterious type of matter is supposed to exist, because the observed rotational velocity
curves of particle moving around the galactic center and the expected rotational velocity curves do not
match. This type of matter is called dark matter. There are also a number of proposals in the modified
gravity which are alternatives to the dark matter. In this contrast, in 2008, Christian G. Bo¨hmer, Tiberiu
Harko and Francisco S.N. Lobo presented an interesting idea in [1] where they showed that a f(R) gravity
model could actually explain dark matter to be a geometric effect only. They solved the gravitational
field equations in vacuum using generic f(R) gravity model for constant velocity regions (i.e. dark
matter regions around the galaxy). They found that the resulting modifications in the Einstein Hilbert
Lagrangian is of the form R1+m, where m = V 2tg/c2; Vtg being the tangential velocity of the test particle
moving around the galaxy in the dark matter regions and c being the speed of light. From observations
it is known that m ≈ O(10−6) [1–4]. In this article, we perform two things (1) We show that the form of
f(R) they claimed is not correct. In doing the calculations, we found that when the radial component of
the metric for constant velocity regions is a constant then the exact solutions for f(R) obtained is of the
form of R1−α which corresponds to a negative correction rather than positive claimed by the authors
of [1], where α is the function ofm. (2) We also show that we can not have an analytic solution of f(R) for
all values of tangential velocity including the observed value of tangential velocity 200− 300Km/s [2–4]
if the radial coefficient of the metric which describes the dark matter regions is not a constant. Thus, we
have to rely on the numerical solutions to get an approximate model for dark matter in f(R) gravity.
Keywords Dark matter · f(R) gravity
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1 Introduction
Newtonian Physics suggests that the tangential velocity of a test particle around the galaxy should be
inversely proportional to its radial distance from the center of the galaxy (i.e. V 2tg = GM/r), but for the
spiral galaxies the tangential velocity of a particle around galactic center seems to remain approximately
constant as we move away from the galactic center [5,6]. Standard Newtonian Physics does not have any
answer to this observation.
Einstein’s gravity which is linear in Ricci scalar R suggests that either there is some invisible matter
present around the galaxy (thus we should put that in the right hand side (matter part) of the Einstein
field equations) or Einstein’s gravity is not a viable gravity model around the spiral galaxies which could
explain the observed rotational velocity curves.
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To explain this unexpected observations, there are many proposals. A few of them are: modified
Newtonian dynamics [7], modified gravity [1, 8], weakly interacting massive particles (WIMP) [9] etc.
In f(R) modified gravity models, the Einstein Hilbert Lagrangian is replaced by an arbitrary function
of the Ricci scalar R. Some times this arbitrary function is computed for some observed phenomenon
and some times for a given (inspired) f(R) function the dynamics of objects or system of objects or the
Universe is analyzed.
In 2008, Christian G. Bo¨hmer, Tiberiu Harko and Francisco S.N. Lobo solved the gravitational
field equations in vacuum (i.e. Tµν = 0) using arbitrary function of Ricci scalar R for dark matter
regions around the galaxy. They tried to solve the field equations for an exact solution and found that
f(R) = R1+m with m = V 2tg/c2 can explain the unorthodox behavior of the spiral galaxies rotation
velocity curves as to be the geometric effects only.
In this article, we review their work and present some new results. After going through the same
procedure they adopted, we find that the form of f(R) they claim to get is not correct. We show that
in the same scheme two different sets of parameters are obtained which then give two different forms
of f(R) function that can explain the constant tangential velocity curve but both forms indicate that
rather than having a positive correction of the form R1+α, a negative correction is more favored, of the
form R1−α. We also obtained the numerical results of the field equations in [10] to check our findings of
the current paper and found the results given here to be consistent with the numerical results.
The article is organized as follows. In the next section, we present the field equations for f(R) gravity
in vacuum. In section 3, we try to find out the exact solution of the field equations derived in section 2.
Conclusions and discussions on the results/findings of section 3 are in section 4.
2 f(R) gravity field equations in vacuum
The metric which describes the static and spherically symmetry in the constant velocity regions is
dS2 = −eν(r)dt2 + eλ(r)dr2 + r2dθ2 + r2sin θ2dφ2 (1)
where ν(r) = 2m ln(r/r0), here r0 is the constant of integration obtained in deriving the coefficient ν(r)
of the metric.
The f(R) modified gravity action is written as
S =
∫ √−gf(R)d4x , (2)
where f(R) is an arbitrary analytic function of Ricci scalar R. The variation of the above action with
respect to the metric gµν gives the following field equations
F (R)Rµν − 1
2
f(R)gµν − (∇µ∇ν − gµν)F (R) = 0 , (3)
where F (R) = df/dR. The contraction of the above equation gives
F (R)R− 2f(R) + 3F (R) = 0 . (4)
Upon using eq. (4) in eq. (3) we get modified field equations as [11],
F (R)Rµν −∇µ∇νF = 1
4
gµν (FR−F ) , (5)
also differentiation of eq. (4) with respect to ‘r’ gives,
RF ′ −R′F + 3 (F )′ = 0. (6)
Where ′ represents derivative with respect to ‘r’. If we use modified field equations to find out the solution
then the solution must also satisfy eq. (4) to be a solution of original field equations given by eq. (3).
From eq. (5), we see that Aµ ≡ (FRµµ−∇µ∇µF )/gµµ is independent of the index µ, thus Aµ−Aν = 0.
From the relation Aµ−Aν = 0 we can write three equations (A0−A1 = 0, A1−A2 = 0 and A0−A2 = 0).
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The equations A0 − A1 = 0, A1 − A2 = 0, the rr component of the field equations (3) and eq. (4) can
be written as [12,13] 1,
F
′′ − 1
2
(ν
′
+ λ
′
)F
′
+
1
r
(ν
′
+ λ
′
)F = 0 , (7)
ν
′′
+ ν
′2 − 1
2
(
ν
′
+
2
r
)(
ν
′
+ λ
′)− 2
r2
+ 2
eλ
r2
= 2
F
′′
F
−
(
λ
′
+
2
r
)
F
′
F
, (8)
f = Fe−λ
[
ν
′′ − 1
2
ν
′
(
ν
′
+ λ
′
)
− 2λ
′
r
+
(
ν
′
+
4
r
)
F
′
F
]
, (9)
R = 2 f
F
− 3e−λ
(
F
′′
F
+
(
1
2
(
ν
′ − λ′
)
+
2
r
)
F
′
F
)
, (10)
respectively. Introducing η = ln(r/r∗), Eq. (7)-(10) now become
d2F
dη2
−
[
1 +
1
2
(
dν
dη
+
dλ
dη
)]
dF
dη
+
(
dν
dη
+
dλ
dη
)
F = 0 , (11)
d2ν
dη2
− dν
dη
+
(
dν
dη
)2
− 1
2
(
dν
dη
+ 2
)(
dν
dη
+
dλ
dη
)
− 2 (1− eλ) = 2 1
F
d2F
dη2
−
(
dλ
dη
+ 4
)
1
F
dF
dη
, (12)
f =
Fe−λ−2η
r∗2
[
d2ν
dη2
− dν
dη
− 1
2
(
dν
dη
+
dλ
dη
)
dν
dη
− 2dλ
dη
+
(
dν
dη
+ 4
)
1
F
dF
dη
]
, (13)
R = 2 f
F
− 3e
−λ−2η
r∗2
[
1
F
d2F
dη2
− 1
F
dF
dη
+
(
1
2
(
dν
dη
− dλ
dη
)
+ 2
)
1
F
dF
dη
]
, (14)
Now introducing
1/F (dF/dη) = u . (15)
to reduce the order in F , eqs. (11) and (12) become
du
dη
+ u2 −
(
1 +
1
2
(
dν
dη
+
dλ
dη
))
u+
dν
dη
+
dλ
dη
= 0 , (16)
d2ν
dη2
− dν
dη
+
(
dν
dη
)2
− 1
2
(
dν
dη
+ 2
)(
dν
dη
+
dλ
dη
)
− 2 (1− eλ) = 2(du
dη
+ u2
)
−
(
dλ
dη
+ 4
)
u , (17)
using du/dη + u2 from eq. (16) in eq. (17) we get
d2ν
dη2
− dν
dη
+
(
dν
dη
)2
−
(
1 +
1
2
dν
dη
)(
dν
dη
+
dλ
dη
)
− 2 (1− eλ)+ 2(1− 1
2
dν
dη
)
u+ 2
(
dν
dη
+
dλ
dη
)
= 0 .
(18)
Any two equations of eqs. (16)-(18) provide the solution of λ and u (ν is known).
1 Detailed derivation of the result Aµ −Aν = 0 and subsequent equations has been done in the appendix A
3
3 Dark matter as a geometric effect
To obtain the geometric interpretation of the constant velocity regions, we solve eq. (16) and eq. (18) for
λ and u. With ν = 2m(η − η0), eq. (16) and eq. (18) can now be written as
du
dη
+ u2 −
(
1 +m+
1
2
dλ
dη
)
u+ 2m+
dλ
dη
= 0 , (19)
−2m+ 4m2 + (1−m)
(
2m+
dλ
dη
)
+ 2 (1−m)u− 2 (1− eλ) = 0 . (20)
As discussed in [1], the tangential velocity of a test particle in stable circular orbit around the galactic
center is about 200 − 300Km/s [2–4] thus m ≈ O(10−6), this allows us to neglect terms containing mi
where i ≥ 2 in eqs. (19), (20) and in all subsequent equations. A particular case considered by Bo¨hmer
et al. in [1] to solve the above equation is λ =constant.
3.1 When λ is a constant
The eq. (19) and (20) now becomes
du
dη
+ u2 − (1 +m)u+ 2m = 0 , (21)
m2 + (1−m)u− (1− eλ) = 0 . (22)
When λ = constant, eq. (22) implies that u is also a constant. From eq. (21) we obtain
u = {2m, 1−m} ,
using the above values of u in eq. (22) we obtain
eλ = {1− 2m, 2m}
respectively.
3.1.1 When u = 2m, eλ = 1− 2m
With the above parameters we get from eq. (15)
F (r) = F0 r
2m , (23)
where F0 = Fc/r∗2m, Fc is the constant of integration. Now from eqs. (9) and (10)
f(r) = 6m F0 r
2(m−1) (24)
R(r) = 2m
r2
(25)
Using r from eq. (25) into eq. (24) we obtain f in the parametric form as
f(R) = 3(2m)m F0 R1−m (26)
The above equation shows that we should expect f(R) to be less than R for constant tangential velocity
regions around the galaxy.
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3.1.2 When u = 1−m, eλ = 2m
With the above parameters we get from eq. (15)
F (r) = F0r
1−m , (27)
where F0 = Fc/r∗(1−m), Fc is the constant of integration. Now from eqs. (9) and (10)
f(r) = 3 F0 r
−(1+m) (28)
R = 3
r2
(29)
Using r from eq. (29) into eq. (28) we obtain f in the parametric form as
f(R) = 3(1−m)/2 F0 R1−(1−m)/2 (30)
The above equation again tells us that we should expect a negative correction to the Einstein’s general
relativity for constant tangential velocity regions around the galaxy.
3.2 When λ is not a constant
Using u and du/dη from eq. (20) in eq. (19) we obtain
1
2
d2λ
dη2
− 1
1−m
(
1
2
eλ −m(1−m)
)
dλ
dη
− 1
2
(
dλ
dη
)2
− (1− e
λ)2
(1−m)2 −
eλ(1 +m2)− 1
(1−m)2 − 2m = 0 ,
(31)
This is a second order differential equation in λ. After obtaining λ from this equation one can use either
eq. (19) or eq. (20) to obtain u. The obtained λ and u must satisfy the third equation (which has not
been used in getting λ and u). Eq. (31) now up to O(m2) can be written as
1
2
d2λ
dη2
−
(
1
2
(1 +m) eλ −m
)
dλ
dη
− 1
2
(
dλ
dη
)2
− (1 + 2m) (1− eλ)2 − (1 + 2m) (eλ − 1)− 2m = 0 . (32)
Introducing new variable as dλ/dη = ρ =⇒ d/dη = ρ d/dλ. This allows us to write eq. (31) as
ρ
2
dρ
dλ
+
1
1−m
(
3
2
eλ −m(1−m)
)
ρ− 1
2
ρ2
− (1− e
λ)2
(1−m)2 −
eλ(1 +m2)− 1
(1−m)2 + 2m = 0 .
(33)
Now, using the transformation ρ = 1/ω and eλ = θ, eq. (33) after simplification can be written as
dω
dθ
=
[m
θ
− 2(1− θ)
2
θ(1−m)2 −
2(θ(1 +m2)− 1)
θ(1−m)2
]
ω3 +
[
3− 2m(1−m)
θ
]
ω2 − 1
θ
ω . (34)
This is the nonlinear first order Abel differential of first kind of the form
dω
dθ
= p(θ)ω3 + q(θ)ω2 + r(θ)ω + s(θ) ,
with
p(θ) =
m
θ
− 2(1− θ)
2
θ(1−m)2 −
2(θ(1 +m2)− 1)
θ(1−m)2 ,
q(θ) = 3− 2m(1−m)
θ
, r(θ) = −1
θ
, s(θ) = 0.
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If we choose that the particular solution yp of the above equation satisfies
3
[m
θ
− 2(1− θ)
2
θ(1−m)2 −
2(θ(1 +m2)− 1)
θ(1−m)2
]
y2p + 2
[
3− 2m(1−m)
θ
]
yp − 1
θ
= 0 , (35)
then eq. (34) becomes Abel differential equation of second kind [14], of the form
dω
dθ
=
[
m
θ
− 2(1− θ)
2
θ(1−m)2 −
2(θ(1 +m2)− 1)
θ(1−m)2
]
ω3
+
[
3
(
m
θ
− 2(1− θ)
2
θ(1−m)2 −
2(θ(1 +m2)− 1)
θ(1−m)2
)
yp +
(
3− 2m(1−m)
θ
)]
ω2 .
(36)
In the case when,
d
dθ
(
p(θ)√
q(θ)2 − 3p(θ)r(θ)
)
= K
√
q(θ)2 − 3p(θ)r(θ) , (37)
where K is an arbitrary constant then the general solution of eq. (34) is given by [14],
ω(θ) =±
√
q(θ)2 − 3p(θ)r(θ)
p(θ)
V +
(
−q(θ)±√q(θ)2 − 3p(θ)r(θ)
3p(θ)
)
, (38)
where V satisfies the separable differential equation
dV
dθ
=
(
V 3 + V 2 +K V
)(q(θ)2 − 3p(θ)r(θ)
p(θ)
)
. (39)
Thus, in order to obtain the analytic solution, we must satisfy the condition given by eq. (37). The plot
of
K =
1√
q(θ)2 − 3p(θ)r(θ)
d
dθ
(
p(θ)√
q(θ)2 − 3p(θ)r(θ)
)
is given in fig. (1). The plot allows us to understand when (i.e. for whatm and θ) could we get an analytic
solution to the eq. (34).
Fig. 1: K as a function of θ and m.
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From the fig. (1) we observe that When θ = 0 we have eq. (37) satisfied for approximately all values
of m. This demands an arbitrary negative large value of λ(r). When we have m = 1 eq. (37) is obeyed
for also approximately all values of θ except −∞. For all other values of m if we take the domain of θ
to be 0 ≤ θ ≤ 1 2 then we observe the violation of eq. (37) (i.e. K is not a constant). Since the observed
m is O(10−6), from the fig (1) we see that obtaining analytic solution is not possible around the desired
value. The plot also shows that we cannot obtain an analytic solution for all values of m.
4 Conclusions and discussion
In concluding the work, we adopted the same procedure as done in [1] and found that the f(R) gravity
model given by Bo¨hmer et al in [1] is not consistent with our results when radial coefficient of the metric
describing dark matter region is a constant. We obtained two different forms of f(R) function given by
eq. (26) and (30) that can explain the constant tangential velocity curve but both forms indicate that
the rather than having a positive correction of the form R1+α, a negative correction is more likely to be
the real picture of the form R1−α, where α is the function of m.
We also extended the same procedure when λ is not a constant and found that we can not have an
analytic solution to the f(R) gravity model for all values of m to explain the constant rotational velocity
curves.
We also obtained the numerical results of the field equations in [10] to check our findings of the
current paper and found consistency with the numerical results.
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A : Derivation of the equations
As discussed, from eq. (5), we see that Aµ ≡ (FRµµ − ∇µ∇µF )/gµµ is independent of the index µ, thus Aµ − Aν = 0.
The proof is as follows: eq. (5) can be written as
F (R)Rµν −∇µ∇νF (R) = 1
4
gµν
(
F (R)gαβRαβ − gαβ∇α∇βF (R)
)
(40)
2 i.e. all possible values, (0,∞) is being mapped onto (0, 1) with the mapping function e−1/x
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F (R)Rµν −∇µ∇νF (R) = 1
4
gµνg
αβ
(
F (R)Rαβ −∇α∇βF (R)
)
(41)
Since the metric considered is static and spherically symmetric (1) with diagonal entries thus µ = ν and α = β. Equation
(41) now becomes
F (R)Rµµ −∇µ∇µF (R) = 1
4
gµµg
αα
(
F (R)Rαα −∇α∇αF (R)
)
(42)
1
gµµ
(
F (R)Rµµ −∇µ∇µF (R)
)
=
1
4
gαα
(
F (R)Rαα −∇α∇αF (R)
)
(43)
1
gµµ
(
F (R)Rµµ −∇µ∇µF (R)
)
=
1
4gαα
gααg
αα
(
F (R)Rαα −∇α∇αF (R)
)
(44)
Since, gααgαα = 4. Thus, above equation now becomes
1
gµµ
(
F (R)Rµµ −∇µ∇µF (R)
)
=
1
gαα
(
F (R)Rαα −∇α∇αF (R)
)
(45)
Since α is free index, we can replace it by ν. Thus,
1
gµµ
(
F (R)Rµµ −∇µ∇µF (R)
)
=
1
gνν
(
F (R)Rνν −∇ν∇νF (R)
)
(46)
Aµ = Aν for all µ and ν, (47)
where Aµ =
1
gµµ
(
F (R)Rµµ −∇µ∇µF (R)
)
and Aν =
1
gνν
(
F (R)Rνν −∇ν∇νF (R)
)
. Here, ∇i∇j = ∂i∂j + Γσij .
From the above relation Aµ −Aν = 0 we can write three equations (A0 −A1 = 0, A1 −A2 = 0 and A0 −A2 = 0; ‘0’
means ‘t’, ‘1’ means ‘r’, ‘2’ means ‘θ’ and ‘3’ means ‘φ’). 3
The equation A0 −A1 = 0 can be written as
1
g00
(
F (R)R00 −∇0∇0F (R)
)
=
1
g11
(
F (R)R11 −∇1∇1F (R)
)
(48)
As the metric in consideration is static, eq. (48) now becomes
F ,11
g11
+
(R00
g00
− R11
g11
)
F −
(
−Γ
1
00
g00
+
Γ 111
g11
)
F ,1= 0 (49)
This leads to eq. (7). The equation A1 −A2 = 0 can be written as
1
g11
(
F (R)R11 −∇1∇1F (R)
)
=
1
g22
(
F (R)R22 −∇2∇2F (R)
)
(50)
This leads to eq. (8). The rr component of the field equations (3) leads to eq. (9). Equation (4) leads to eq. (10)
B : Comparison of equations and results with [1]
In this section, we perform a comparison of our equations and results with the Bo¨hmer et. al. [1] 4.
3 Since the field equations also give three equation we can use any three equations from all six equations.
4 Only which had error in [1].
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Correct equations Bo¨hmer et. al. [1]
Equation (7) F
′′ − 1
2
(ν
′
+ λ
′
)F
′
+
1
r
(ν
′
+ λ
′
)F = 0 Equation (18) F
′′ − 1
2
(ν
′
+ λ
′
)F
′
-
1
r
(ν
′
+ λ
′
)F = 0
Equation (8)
ν
′′
+ ν
′2 − 1
2
(
ν
′
+
2
r
)(
ν
′
+ λ
′)− 2
r2 Equation (19)
ν
′′
+ ν
′2 − 1
2
(
ν
′
+
2
r
)(
ν
′
+ λ
′)− 2
r2
+ 2
eλ
r2
= 2
F
′′
F
−
(
λ
′
+
2
r
)
F
′
F
+ 2
eλ
r2
= -2
F
′′
F
+
(
λ
′
+
2
r
)
F
′
F
Equation (11)
d2F
dη2
−
[
1 +
1
2
(
dν
dη
+
dλ
dη
)]
dF
dη Equation (23)
d2F
dη2
−
[
1 +
1
2
(
dν
dη
+
dλ
dη
)]
dF
dη
+
(
dν
dη
+
dλ
dη
)
F = 0 −
(
dν
dη
+
dλ
dη
)
F = 0
Equation (12)
d2ν
dη2
− dν
dη
+
(
dν
dη
)2
− 1
2
(
dν
dη
+ 2
)(
dν
dη
+
dλ
dη
)
Equation (24)
d2ν
dη2
− dν
dη
+
(
dν
dη
)2
− 1
2
(
dν
dη
+ 2
)(
dν
dη
+
dλ
dη
)
−2 (1− eλ) = 2 1
F
d2F
dη2
−
(
dλ
dη
+ 4
)
1
F
dF
dη
+2
(
1− eλ) = -2 1
F
d2F
dη2
+
(
dλ
dη
+ 4
)
1
F
dF
dη
Table 1: Comparison of equations
B.1 Comparison of results
Bo¨hmer et. al. in [1] gave only one f(R) gravity function, f(R) = f0R(1+m), as being the replacement of the dark matter
when in fact there should have been two function as eq. (18) in [1] is second order differential equation. On the other hand,
we found two different f(R) gravity functions given by eq. (26) and (30).
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